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In spontaneous parametric down conversion (SPDC) based quantum information processing (QIP)
experiments, there is a tradeoff between the coincide count rates (i.e. the pumping power of the
SPDC), which limits the rate of the protocol, and the visibility of the quantum interference, which
limits the quality of the protocol. This tradeoff is mainly caused by the multi-photon pair emissions
from the SPDCs. In theory, the problem is how to model the experiments without truncating these
multi-photon emissions while including practical imperfections.
In this paper, we establish a method to theoretically simulate SPDC based QIPs which fully incor-
porates the effect of multi-photon emissions and various practical imperfections. The key ingredient
in our method is the application of the characteristic function formalism which has been used in
continuous variable QIPs. We apply our method to three examples, the Hong-Ou-Mandel interfer-
ence and the Einstein-Podolsky-Rosen interference experiments, and the concatenated entanglement
swapping protocol. For the first two examples, we show that our theoretical results quantitatively
agree with the recent experimental results. Also we provide the closed expressions for these the
interference visibilities with the full multi-photon components and various imperfections. For the
last example, we provide the general theoretical form of the concatenated entanglement swapping
protocol in our method and show the numerical results up to 5 concatenations. Our method requires
only a small computation resource (few minutes by a commercially available computer) which was
not possible by the previous theoretical approach. Our method will have applications in a wide
range of SPDC based QIP protocols with high accuracy and a reasonable computation resource.
I. INTRODUCTION
Spontaneous parametric down conversion (SPDC) is
one of the most standard tools in photonic quantum in-
formation processing (QIP) e.g. quantum key distribu-
tion, quantum teleportation, quantum repeaters, and lin-
ear optics quantum computation [1]. Toward implement-
ing higher rate entanglement-based QKD or larger scale
QIP protocols, it is important to increase the photon-pair
generation rate from the SPDC source such that it pro-
vides reasonable coincidence counts of photons in multi-
ple detectors. Though this is possible by simply increas-
ing the pump power into the SPDC crystals, it simulta-
neously degrades the quantum interference visibility due
to the unwanted multi-photon emissions. Therefore, on
one hand, it is an important experimental topic how to
reduce the effect of multi-photon emissions while keeping
the higher generation rates. The experimental progress
in this direction has been reported recently [2–6].
On the other hand, in theory, it is desirable to estab-
lish a method which fully incorporates the multi-photon
emissions and various practical imperfections of the ex-
periment, and is also able to simulate various QIP appli-
cations with complicated optical circuits. The quantum
state generated into the signal and idler modes from an
SPDC source is described by a two-mode squeezed vac-
uum (TMSV):
|ψ〉SI =
√
1− λ2
∞∑
n=0
λn|n〉S |n〉I , (1)
where |n〉 represents an n-photon state, and λ is the
squeezing parameter. Obviously it includes infinitely
higher order photons that contribute to the multi-photon
emissions. Also, to simulate experiments precisely, one
has to take into account various imperfections such as
losses in channels and detectors, dark counts of detec-
tors, mode mismatch between the pulses, and so on.
The theory to describe multi-photon emissions have
been investigated in various literatures [5–15]. A major
approach is to calculate the evolution of the state vector
of the TMSVs in the protocol [5–13, 15]. Although the
approach is straightforward and useful to see the physi-
cal insight of multi-photon effects, one of its drawback is
that one has to truncate the higher photon number [7–
9] which is not appropriate for the higher power pump-
ing. In principle, it is possible to include (even infinitely)
higher order photons in analytical forms. However, the
problem is that its mathematical expression often be-
comes complicated even for relatively simple setup using
only one or two SPDCs like [6, 10]. This is more prob-
lematic for a larger scale QIP protocol. That is, its nu-
merical simulation often require a huge computational
resource even truncating the higher order of photons.
This severely limits the ability to estimate the practi-
cal performance of such a protocol. For example, in [15],
the concatenated operation of entanglement swapping is
theoretically investigated where the authors showed pre-
cise but highly complicated mathematical expression of
the states and detection probabilities in the protocol and
performed its numerical simulation for the concatenation
of 3 swappings, which involves 16 optical modes. The
simulation was performed by a parallel programing on
a super computer meaning that it requires a huge com-
putational resource even for that scale of the protocol.
Therefore to extend the analysis for larger SPDC based
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2QIP networks, it is desirable to find an alternative way of
calculating such a problem more systematically, simply,
and with less computational resources.
As a related work to the above, the authors in [14] de-
veloped a precise mathematical model of nonideal photon
detectors and then derived analytical formulae of several
parameters for the experiments with one SPDC source,
including the Hong-Ou-Mandel (HOM) interference and
the Einstein-Podolsky-Rosen (EPR) interference visibil-
ities where multi-photon pair effects and detector im-
perfections are successfully incorporated. Although their
formulae are useful for the practical estimation of these
experiments, it is not fully clear if the approach is eas-
ily extendible to more complicated protocols such as the
concatenated entanglement swapping discussed in [15].
In this paper, we propose yet another approach based
on the phase space representation of quantum optics
(see [16] for example) which is often used in continu-
ous variable-QIP (CV-QIP) [17]. Our method can com-
pute the SPDC based QIP experiments by systematically
including the multi-photon effects, detector imperfec-
tions, and moreover, other practical imperfections, such
as mode mismatching between the pulses from SPDC
sources that has not been explicitly considered in previ-
ous analyses. By applying our method to two examples,
the HOM interference and the EPR interference experi-
ments we show that our method can simulate the recent
experimental results in [6, 18] with a quantitative agree-
ment. Also we are able to derive closed forms of these
visibilities that could be handy tools to estimate the ef-
fects of multi-photon emissions and various imperfections
in these experiments.
Moreover, our method can simulate even larger scale
SPDC based QIPs with a reasonable computational re-
source. As an example, we consider the concatenated
entanglement swapping (CES) protocol discussed in [15]
and demonstrate a drastic decrease of the required com-
putational resource by our method. For example, the
CES with 3 swappings can be simulated by only a 10 sec-
ond use of a commercial computer and even for 5 swap-
pings, it requires around 2 minutes with the same com-
puter. This allows us to estimate the optimal number
of concatenation for a given long-distance channel, for
example, a 1000 km optical fiber. We believe that our
method could be a powerful tool not only for estimating
the already known protocols mentioned above but for cal-
culating the performance of various future QIP protocols
based on SPDCs.
The paper is organized as follows. In Sec. II, we de-
scribe our approach. It uses the characteristic function
formalism which is one of the phase space representation
of quantum states and operations. We first overview why
this approach is beneficial for the problems and then re-
view basic definitions and notations about the charac-
teristic function formalism. We also provide the recipe
of treating SPDC sources, linear optics, detectors, and
various imperfections by this formalism. In Sec. III, we
apply our method into three QIP examples, the HOM
interference, the EPR interference, and the CES proto-
col. Also we discuss a general computational complexity.
Note that our method is not generally efficient in the
sense that the complexity exponentially grows with the
size of the system. However, as demonstrated in this sec-
tion, it is still a powerful tool for simulating a relatively
large size QIP such as the CES protocol with a small
computational resource. Section IV concludes the paper.
II. CHARACTERISTIC FUNCTION BASED
APPROACH
In this section, we review the characteristic function
formalism and provide the recipe to treat the SPDC
based QIPs with this formalism. Characteristic function
and its Fourier transform, Wigner function, are typical
ways to represent quantum states in phase space and are
often used in optical CV-QIPs, in particular, for Gaus-
sian state and operation, where the former is a quantum
state whose characteristic function is a Gaussian function
and the latter is a quantum operation transforming Gaus-
sian state to other Gaussian state [19]. It is known that
quantum system consisting of Gaussian states and oper-
ations are described by calculating only the covariance
matrix of the Gaussian function which is known to be
efficiently simulated by classical computation [20] (which
also means the impossibility of constructing a universal
quantum computer by only these means).
Typically, the practical SPDC based QIPs consist of
SPDC sources, linear optics, photon detectors, and im-
perfections that can be modeled by linear operations
(note that some of quantum memories can also be de-
scribed by linear operation [21]). The SPDC source, i.e.
TMSV, is a typical Gaussian state and any linear optics
and linear imperfections, that includes most of the prac-
tical imperfections, are Gaussian operations. Therefore,
we can efficiently calculate the state evolution in the sys-
tem just before the detection step.
The last part of the experiments, photon detection,
is non-Gaussian operation. However, our Gaussian ap-
proach is still useful if we consider the on-off detectors
(also called the threshold detectors) rather than the pho-
ton number resolving detectors. On-off detector discrim-
inates only zero or non-zero photons and widely used in
the SPDC based QIP experiments. Such a detector is
mathematically described by two operators, one is a vac-
uum (zero photons) and the other is an identity operator
minus vacuum (non-zero photons). Since vacuum is also
a Gaussian state, one can compute the full process of the
protocols via the Gaussian function based characteristic
function formalism (this fact has been recognized in CV-
QIPs, see [19, 22, 23] for example). In the following, we
describe the detailed definitions and notations.
3A. Characteristic function
Let us consider an n-mode bosonic system associ-
ated with an infinite-dimensional Hilbert space H⊗n
and n pairs of annihilation and creation operators,
{aˆi, aˆ†i}i=1,··· ,n, respectively, which satisfy the commu-
tation relations
[aˆi, aˆ
†
j ] = δij . (2)
From these, one may construct the quadrature field op-
erators:
xˆi =
1√
2
(aˆ†i + aˆi), pˆi =
i√
2
(aˆ†i − aˆi). (3)
It is easy to verify that the commutation relations now
translate to [xˆi, pˆj ] = iδij . In the n-mode bosonic system,
a quantum state with density operator ρˆ is described by
its characteristic function
χ(x) = Tr
[
ρˆWˆ(x)
]
, (4)
where,
Wˆ(x) = exp
[
−ixT Rˆ
]
, (5)
is a Weyl operator, Rˆ = [xˆ1, . . . , xˆn, pˆ1, . . . , pˆn]
T is a
2n vector consisting of quadrature operators, and x =
[x1, · · · , x2n] is a 2n real vector.
B. Gaussian states
Definition. The Gaussian state is defined as the quan-
tum state whose characteristic function is given by a
Gaussian function:
χ(x) = exp
[
−1
4
xT γx− idTx
]
, (6)
where γ is a 2n × 2n matrix and d is a 2n vector called
the covariance matrix and the displacement vector, re-
spectively. For example, coherent state |α〉 is a Gaussian
state. Its characteristic function and displacement vector
are described by the Gaussian form in Eq. (6) with
γcoh = I, d =
√
2
[
Reα
Imα
]
(7)
where I is a 2-by-2 identity matrix (thus the vacuum state
is simply given by {γ = I, d = 0}). The most important
Gaussian state in this paper is the TMSV. Its covariance
matrix is given by
γTMSV(µ) =
[
γ+(µ) 0
0 γ−(µ)
]
, (8)
where
γ±(µ) =
[
2µ+ 1 ±2√µ(µ+ 1)
±2√µ(µ+ 1) 2µ+ 1
]
, (9)
and µ = λ2/(1−λ2) while d = 0. It is worth to note that
µ corresponds to the average photon number per mode,
i.e. µ = 〈ψ|nˆ ⊗ Iˆ|ψ〉 = 〈ψ|Iˆ ⊗ nˆ|ψ〉, where Iˆ and nˆ are
the identity and photon number operators, respectively.
Partial trace of Gaussian states. The covariance
matrix of the reduced state after partial trace is simply
given by the submatrix corresponding to the remained
system. For example, the covariance matrix of the re-
duced state of the TMSV ρS = TrI [|ψ〉〈ψ|SI ] is
γS =
[
2µ+ 1 0
0 2µ+ 1
]
, (10)
which corresponds to the covariance matrix of a thermal
state with average photon number µ:
ρˆth =
∞∑
n=0
µn
(µ+ 1)n+1
|n〉〈n|. (11)
C. Gaussian unitary operations
Gaussian unitary operation is defined as the unitary
operation that transforms Gaussian states to other Gaus-
sian states. Any Gaussian unitary operation acting on a
Gaussian state can be described by symplectic transfor-
mations of the covariance matrix and the displacement
vector of the state:
γ → ST γS, d→ ST d, (12)
where S is a symplectic matrix corresponding to the
Gaussian unitary operation and T is a transpose oper-
ation. For any covariance matrix, there exists a sym-
plectic transformation that diagonalizes the covariance
matrix (symplectic diagonalization). If the unitary oper-
ation includes only linear optical process (beam splitters
and phase shifts), then ST = S−1 and such a matrix S is
called an orthogonal symplectic matrix. The explicit ex-
pression of the symplectic matrix for phase shifting and
beam splitting are given below.
Phase shift:
R(φ) =
[
cosφ sinφ
− sinφ cosφ
]
. (13)
Beam splitter on mode A and B:
StAB =

√
t
√
1− t 0 0
−√1− t √t 0 0
0 0
√
t
√
1− t
0 0 −√1− t √t
 , (14)
where t is the transmittance of the beam splitter.
Throughout the paper, we often simplify the description
of a block diagonalized matrix like Eq. (14) as
StAB =
[ √
t
√
1− t
−√1− t √t
]⊕2
.
4D. Measurement
A major detection device in experimental photonic
QIP is a photon detector, which discriminates only zero
or non-zero photons. Such a device is mathematically
described by a set of measurement operators
Πˆoff = |0〉〈0|, Πˆon = Iˆ − |0〉〈0|, (15)
where Iˆ is an identity operator. Similar to the state, we
can define the characteristic function of the measurement
operator Πˆ as χΠ(x) = Tr[ΠˆWˆ(x)]. In general, the prob-
ability of detecting the state ρˆ with the measurement
operator Πˆ is given by
Tr
[
ρˆΠˆ
]
=
(
1
2pi
)n ∫
dxχρ(x)χΠ(−x). (16)
Now suppose ρˆ is a single-mode Gaussian state with
χρ(x) = exp[− 14xT γx] and is measured by an on-off de-
tector. The probability of obtaining the “on” outcome
(i.e. detecting non-zero photons) is calculated to be
Pon = Tr
[
ρˆΠˆon
]
= 1− Tr [ρˆ|0〉〈0|]
= 1− 1
2pi
∫
dxχρ(x)χΠoff (−x)
= 1− 1
2pi
∫
dx exp
[
−1
4
xT (γ + I)x
]
= 1− 2√
det(γ + I)
, (17)
where the last line performs the Gaussian integration.
The above measurement is an ideal one, i.e. unit effi-
ciency and no dark counts. We will discuss the detector
loss and dark counts in the next subsection.
In the SPDC QIP experiments, we often consider the
coincidence photon counts of a multi-mode quantum
state. Let ρˆγ be a density matrix of an m-mode Gaus-
sian state with covariance matrix γ. Then the following
formula is useful to calculate the coincidence counts:
Tr
[
ρˆγ |0〉〈0|⊗m] = ( 1
2pi
)m ∫
dx exp
[
−1
4
xT (γ + I)x
]
=
(
1
2pi
)m√
(4pi)2m
det(γ + I)
=
2m√
det(γ + I)
. (18)
E. Imperfections
Linear loss. The optical channel with transmittance t
(i.e. 1− t loss) is modeled by combining the channel with
a vacuum environment via a beam splitter of transmit-
tance t and then tracing out the environment mode. The
lossy channel is known as one of the Gaussian channels,
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FIG. 1: (a) Temporal mode mismatch at the beam splitter,
and (b) its model based on effective beam splitters. Ai and Bi
represent the modes where A and B corresponds to the spatial
mode and the subscript are the labels for the temporal modes.
Note that our model in (b) is phenomenological and thus is
not restricted to the temporal mode mismatch.
i.e. it consists of Gaussian operations (but not necessar-
ily unitary) [24]. Suppose a single-mode Gaussian state
with covariance matrix γ is transmitted through a lossy
channel Lt where t is the channel transmittance. Then
Lt transforms the covariance matrix of the state as
Ltγ = KT γK + α, (19)
where K =
√
tI and α = (1 − t)I. Note that the pho-
ton detector with efficiency η can be modeled by a lossy
channel with transmittance η followed by a lossless pho-
ton detector.
Detector dark counts. The dark counts are modeled
by Poissonian process [25] or phase insensitive amplifica-
tion process [14] those provide the same expression for
the on-off detector operators:
Πˆoff(ν) = (1− ν)|0〉〈0|, Πˆon(ν) = Iˆ − Πˆoff(ν), (20)
where ν is the dark count probability.
Mode mismatch. Imperfection of mode matching at
a beam splitter degrades the interference visibility. Let
ξ be a phenomenological mode match factor represent-
ing the overlap between two pulses, i.e. 0 ≤ ξ ≤ 1
where ξ = 1 corresponds to a perfect mode matching
while ξ = 0 means the two pulses are in completely dif-
ferent modes and there is no interference between them.
Then the effect of mode mismatch is modeled by adding
two (effective) beam splitters with transmittance ξ. Fig-
ure 1(a) and (b) depict an example of the mode mis-
match between two single-mode pulses in temporal mode
and its translation into the beam splitting model (spa-
tial mode), respectively, where the two pulses are par-
tially overlapped. In spatial mode A of Fig. 1(a), one
can choose a temporal mode expansion in which one of
the orthonormal mode is fully occupied by the pulse (i.e.
includes A1 and A3). At the beam splitter, the mode
expansion should be transformed such that the tempo-
ral part A1 and A3 are separated where these two modes
should be a mixture with vacua to fulfil the normalization
condition. This mode transformation is mathematically
equivalent to split the pulse via a (virtual) beam splitter
with transmittance ξ into two spatial modes A1 and A3
5(and combined it with a vacuum from the other port of
the beam splitter). The same thing happens in spatial
mode B where the pulse is split into modes B1 and B2.
Then Ai and Bi are combined at the real beam splitter
where the pulses are interfered only between A1 and B1
(Fig. 1(b)).
Here we give an example. Suppose we would like to
measure the coincidence counts after interfering the two
Gaussian state pulses via a beam splitter with transmit-
tance t. Let γA1B1 be the covariance matrix of the two-
mode state (i.e. two pulses) before the beam splitter.
Then after the beam splitting, a whole state is described
by a six-mode covariance matrix
γ˜A1B1A2B2A3B3 =
STBSS
T
MM(γA1B1 ⊗ IA2B2A3B3)SMMSBS, (21)
where
SMM = S
ξ
B1B3
SξA1A2 , (22)
SBS = S
t
A3B3S
t
A2B2S
t
A1B1 , (23)
and the terms in the rhs are the beam splitter matrices
defined in Eq. (14).
The coincidence count probability is then given by
Tr[ργ˜(Iˆ − |0〉〈0|⊗3)A1A2A3(Iˆ − |0〉〈0|⊗3)B1B2B3 ].
Note that in our model, the mode mismatch is included
by a phenomenological factor and thus we can incorpo-
rate any kinds of mode mismatch, such as temporal, spec-
tral, spatial, etc.
F. Feedforward
Before closing the section, we briefly mention the (clas-
sical) feedforward operations. Feedforward is an impor-
tant resource in QIP. For example, it allows one to imple-
ment an on-demand single-photon source from heralding
of the SPDC photons [26], and even constructing a uni-
versal quantum computer [27, 40]. In the feedforward
scenario, each operation in the system can be adaptively
chosen according to the prior partial measurement out-
comes. Therefore, to fully simulate such a system, one
has to calculate all possible branches of the measurement
outcomes and feedforwarded operations. As will be dis-
cussed in section 3.3, since the computational complex-
ity of our method exponentially grows as the system size
increases, with our method it is not possible to fully sim-
ulate a large scale linear optics quantum computer pro-
posed in [27] with an efficient computation time. Note
however, for relatively small size systems, it is possible to
trace each feedforward branches and apply our method
to calculate the probability of observing each event sepa-
rately. That would be useful to simulate the currently (or
near future) feasible experimental setups such as [26, 40].
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FIG. 2: (a) Experimental setup of the HOM experiment in
[6], and (b) the corresponding linear optics model. PPKTP:
periodically poled KTiOPO4. PBS: polarization beam split-
ter. HWP: half waveplate. QWP: quarter waveplate. SMFC:
single-mode fiber coupler. FBS: fiber beam splitter.
III. APPLICATIONS
In this section we apply our characteristic function ap-
proach to SPDC based QIPs and compare some of them
with previous experimental results.
A. Hong-Ou-Mandel interference of an SPDC
source
The Hong-Ou-Mandel (HOM) interference is observed
when two indistinguishable single-photons are interfered
via a 50/50 beam splitter [28]. The visibility of the HOM
interference can be unit only when the two photons are
fully indistinguishable in any degree of freedom (tempo-
ral mode, frequency mode, etc) which is thus a useful
measure to evaluate the indistinguishability of the sig-
nal and idler photons from the same SPDC source. The
HOM interference test for an SPDC source is described
as follows. The signal and idler pulses are interfered by
a 50/50 beam splitter and the coincidence count of the
two detectors are measured by scanning the time delay
of the idler pulse. The HOM dip is observed when there
is no time delay for the idler pulse, i.e, the overlap of
the signal and the idler in time is maximum. Let PCCmin
be the coincidence count (CC) probability without the
delay and PCCmean be the CC probability with the delay
which is enough larger than the pulse width such that no
interference occurs between the signal and idler pulses.
Following the previous works e.g. [6, 14], we define the
visibility of the HOM test by
VHOM =
PCCmean − PCCmin
PCCmean
. (24)
To see the validity of our method, we simulate the
6HOM experiment in [6] where the pump power depen-
dence of VHOM is experimentally observed with a stan-
dard mode-locked laser (Ti:Sapphire laser with a repe-
tition rate of 76MHz). The experimental setup and the
corresponding theoretical model are shown in Fig. 2(a)
and (b), respectively.
The output from the SPDC source is described by
a TMSV which fully includes the multi-photon compo-
nents. The transmission losses in the signal (A) and idler
modes (B), that are for example caused by coupling the
spatial modes into fibers, are described by beam split-
ters with the transmittance tA,B , respectively. Also tB
includes the losses in the controllable delay line (the col-
limator in Fig. 2(a)) which makes the setup asymmetric
(in the sense that tA 6= tB). ηA and ηB are the quantum
efficiencies of the two photon detectors. The mode mis-
match between the signal and idler pulses at the 50/50
beam splitter is characterized by the mode match factor
ξ which is in fact very sensitive to the HOM interference
visibility as shown below.
The covariance matrix of the state generated from the
SPDC is given by γTMSVAB (µ) which is defined in Eq. (8).
Applying losses in mode A and B with transmittance tA
and tB , respectively, we get
γLAB = LtBB LtAA γTMSVAB (µ)
= KtAtB TAB γ
TMSV
AB (µ)K
tAtB
AB + α
tAtB
AB
=
[
2tAµ+ 1 ±2
√
tAtBµ(µ+ 1)
±2√tAtBµ(µ+ 1) 2tBµ+ 1
]⊕2
,
(25)
where
KtAtBAB =
[ √
tA 0
0
√
tB
]⊕2
, (26)
and
αtAtBAB =
[
1− tA 0
0 1− tB
]⊕2
. (27)
Application of a 50/50 beam splitter with mode match-
ing factor ξ is calculated to be
γBSA1A2A3B1B2B3
= STBSS
T
MM(γ
L
A1B1 ⊕ IA2B2A3B3)SMMSBS, (28)
where SMM and SBS are given by Eqs. (22) and (23) with
t = 1/2, respectively. IA2B2A3B3 is a 8-by-8 identity ma-
trix representing the vacua in modes A2, B2, A3, and B3.
Finally photon detection consists of lossy channels corre-
sponding to the detector loss and perfect detectors. The
covariance matrix of the system after the lossy channels
with ηA and ηB , corresponding to the quantum efficien-
cies of two detectors, are given by
γA1...B3 = LηBB1B2B3L
ηA
A1A2A3
γBSA1...B3 . (29)
We are now at the position to derive the coincidence
count probability:
PCCmin = Tr
[
ρˆγA1...B3
(
Iˆ − |0〉〈0|⊗3
)
A1A2A3
(
Iˆ − |0〉〈0|⊗3
)
B1B2B3
]
= 1− Tr [ρˆγA1A2A3 |0〉〈0|⊗3A1A2A3]− Tr [ρˆγB1B2B3 |0〉〈0|⊗3B1B2B3]+ Tr [ρˆγA1...B3 |0〉〈0|⊗6A1...B3]
= 1− 8√
det(γA1A2A3 + I)
− 8√
det(γB1B2B3 + I)
+
64√
det(γA1...B3 + I)
, (30)
where γA1A2A3 and γB1B2B3 are the submatrices of γA1...B3 . The determinants in Eq. (30) are explicitly given by
√
det(γA1A2A3 + I) = 8
{[
1 +
ηAµ
4
{
2(tA + tB)− tAtBηA(1− ξ2)
}]2 − tAtBη2Aξ2µ(µ+ 1)}1/2 , (31)
√
det(γB1B2B3 + I) = 8
{[
1 +
ηBµ
4
{
2(tA + tB)− tAtBηB(1− ξ2)
}]2 − tAtBη2Bξ2µ(µ+ 1)}1/2 , (32)√
det(γA1...B3 + I) = 64
[{
1 +
µ
4
[
2(tA + tB)(ηA + ηB)− tAtB
{
(ηA + ηB)
2 − ξ2(ηA − ηB)2
}]}2
−tAtB(ηA − ηB)2ξ2µ(µ+ 1)
]1/2
. (33)
The coincidence count with delay, PCCmean is simply ob-
tained from PCCmin by setting ξ = 0, i.e. no overlap be-
tween the two modes.
The theoretical visibilities derived above and the ex-
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FIG. 3: The experimental plots with the 76 MHz laser in [6]
and the theoretical curves of the HOM visibility as a function
of λ2. The theoretical curves are with ξ =0.9888, 0.9878,
0.9868, 0.9858, and 0.9849 from the top to the bottom.
perimental plots in [6] are compared in Fig. 3 where
the two channel transmittances were experimentally mea-
sured as tA = 0.42, tB = 0.29. The detectors used in the
experiment were superconducting nanowire single photon
detectors (SNSPDs) that gave ηA = 0.68, and ηB = 0.70
and negligible dark counts (less than 1k counts per sec-
ond). The squeezing parameter λ2 corresponds to the
photon-pair generation rate which is directly measurable
in the experiment (recall that λ2 = µ/(1+µ)). The mode
matching factor is not measured and thus given as a fit-
ting parameter. The figure shows a quantitative agree-
ment between the theory and the experiment. Also the
theory curves reveal that the visibility is highly sensitive
to the mode matching at the beam splitter. Note that
[6] also provides the theoretical curves, that are obtained
by directly calculating the state vector of a whole system
including environments and numerically computed the
coincidence counts. One can numerically check that the
numerical result in [6] and the theoretical curve in Fig. 3
are exactly identical. However, our method is much sim-
pler and more systematic than the approach in [6] and
allows us to obtain a closed formula. From that closed
formula, we can also derive a simple analytical picture of
the visibility. Suppose experimental imperfection is only
the low efficiency of the detectors ηA = ηB = η  1 and
tA = tB = ξ = 1. Assuming µ  1, which is reasonable
for the photon-pair experiments, the visibility is simply
given by
VHOM ≈ 1 + 2µ
1 + 4µ
≈ 1− 2µ. (34)
It should be noted that Eq. (34) agrees with the one
obtained in [14]. Another interesting limit is the ideal
case (tA = tB = ηA = ηB = ξ = 1 and µ 1):
VHOM ≈ 2 + 2µ
2 + 3µ
≈ 1− 1
2
µ, (35)
which shows that the visibility degradation due to the
multi-photon emission is accelerated by the low efficiency
of the detectors.
B. EPR interference of a Sagnac loop
entanglement source
Another example is the EPR interference test (also
called correlation measurement) for polarization entan-
gled photon pairs. We consider the Sagnac loop entan-
glement source, which was proposed in [29] and is now
widely used for photonic QIP experiments [18, 30–33].
Here we compare our model with the EPR interference
experiment performed by a Sagnac loop entanglement
source in [18]. The experimental set up and the corre-
sponding theoretical model are illustrated in Figs. 4(a)
and (b), respectively.
The Sagnac loop source generates a TMSV into the
horizontal and vertical polarization modes in the clock-
wise direction (labeled as AH , AV in the theoretical
model) and the counter-clockwise direction (BH , BV ).
The entangled state is generated by swapping the ver-
tical polarization modes AV and BV via a dichroic po-
larization beam splitter (DPBS). This operation trans-
forms the covariance matrix of the two TMSV states
γTMSV2AHAV BHBV into γ
SL
AHAV BHBV
where
γTMSV2AHAV BHBV =

2µ+ 1 ±2√µ(µ+ 1) 0 0
±2√µ(µ+ 1) 2µ+ 1 0 0
0 0 2µ+ 1 ±2√µ(µ+ 1)
0 0 ±2√µ(µ+ 1) 2µ+ 1

⊕2
, (36)
γSLAHAV BHBV =

2µ+ 1 0 0 ±2√µ(µ+ 1)
0 2µ+ 1 ±2√µ(µ+ 1) 0
0 ±2√µ(µ+ 1) 2µ+ 1 0
±2√µ(µ+ 1) 0 0 2µ+ 1

⊕2
. (37)
The EPR interference test is a common and relatively easy way to experimentally estimate the quality of entan-
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FIG. 4: (a) Experimental setup of the EPR interference
experiment in [18], and (b) the corresponding linear optics
model. PPKTP: periodically poled KTiOPO4. OI: optical
isolator. HWP: half waveplate. QWP: quarter waveplate.
DM: dichroic mirror. DPBS: dichroic polarization beam split-
ter. DHWP: dichroic half waveplate. LPF: long wavelength
pass filter. SMFC: single-mode fiber coupler.
glement. Each spatial mode is projected onto a particu-
lar polarization basis by a half-wave plate (HWP) and a
polarization beam splitter (PBS) and then the photons
in a chosen polarization are detected by a single photon
detector. The coincidence photon count rate depends on
the angle of each polarization basis and the interference
fringe is obtained by fixing one of the polarization angles
constant and rotate the other one. The visibility is given
by
Vent =
PCCmax − PCCmin
PCCmax + P
CC
min
, (38)
where PCCmax and P
CC
min are the maximum and minimum
count rates in the fringe.
The polarizer (HWP and PBS) with angle θ effec-
tively works as a beam splitter between the horizon-
tal and vertical polarization modes with transmittance
cos2 θ. The main imperfection in this component is a
finite extinction ratio in the PBS which is modeled by
a perfect beam splitter followed by losses in each polar-
ization mode with tH < 1 and tV > 0 where tH and
tV are the transmittances of the horizontal and verti-
cal polarization modes, respectively (see Fig. 5(a) and
(b)). In the following, to simplify the calculation of the
setup in Fig. 4(b), we use η˜H = tHηH and η˜V = tV ηV
H V
(a) 
HV 
H, V 
(b) 
V 
H 
PBS HWP 
FIG. 5: (a) The polarizer consisting of a half waveplate
(HWP) and a polarization beam splitter (PBS), and (b) the
corresponding linear optics model.
where ηH and ηV are the quantum efficiencies of the
detector for horizontally and vertically polarized pho-
tons, respectively. The covariance matrix of the entan-
gled source in Eq. (37) is first transformed by perfect
beam splitter operations SθBBHBV S
θA
AHAV
. The imperfec-
tion of the PBSs and the imperfect quantum efficiency
of the detectors are included by applying the lossy chan-
nels Lη˜BVBV L
η˜BH
BH
Lη˜AVAV L
η˜AH
AH
. The coincidence count is then
given by
PCCθAθB = Tr
[
ρˆγAHAV BHBV
(
Iˆ − |0〉〈0|⊗2
)
AHAV
(
Iˆ − |0〉〈0|⊗2
)
BHBV
]
= 1− 4√
det(γAHAV + I)
− 4√
det(γBHBV + I)
+
16√
det(γAHAV BHBV + I)
, (39)
where √
det(γAHAV + I) = 4(1 + η˜AHµ)(1 + η˜AV µ), (40)√
det(γBHBV + I) = 4(1 + η˜BHµ)(1 + η˜BV µ), (41)√
det(γAHAV BHBV + I) = 8 [{1 + (η˜AH + η˜BH − η˜AH η˜BH )µ} {1 + (η˜AV + η˜BV − η˜AV η˜BV )µ}
+ {1 + (η˜AH + η˜BV − η˜AH η˜BV )µ} {1 + (η˜AV + η˜BH − η˜AV η˜BH )µ}
+(η˜AH − η˜AV )(η˜BH − η˜BV )µ(µ+ 1) cos 2(θA + θB)] . (42)
90.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
0.84
0.86
0.88
0.90
0.92
0.94
0.96
Photon-pair generation rate 2Λ
2
V
is
ib
il
it
y
FIG. 6: The experimental plots in [18] and the theoretical
curves of the EPR interference as a function of the photon-pair
generation rate of the Sagnac loop source 2λ2. The theoretical
curves are with tV =0.007, 0.009, and 0.011 from the top to
the bottom.
The minimum and maximum count rates required in
Eq. (38) are for example obtained by PCCmin = P
CC
0 0 and
PCCmax = P
CC
0pi/2 [18].
Figure 6 shows the comparison with the experiment in
[18] and our theoretical model. Note that the photon-
pair generation rate of the Sagnac loop source should
be 2λ2 instead of λ2 since the SPDC crystal is pumped
twice (clockwise and counter-clockwise directions). In
the experiment, the overall efficiencies for the horizontal
polarization are measured to be η˜AH = η˜BH = 0.1 (again,
SNSPDs are used as detectors and thus we neglect the
effect of dark counts). The transmittance of the vertical
polarization at the PBS is not measured and thus we
use it as a fitting parameter varying from 0.007 to 0.011
(≤ 0.01 is guaranteed for a typical commercial PBS). The
theoretical estimate agrees with the experimental result.
Again, it is worth to further simplify the closed form
given above. By setting η˜AV = η˜BV = 0 and η˜AH =
η˜BH = η, the closed form of the visibility is reduced to
Vent =
1 + µ
1 + 3µ+ 2η(2− η)µ2 . (43)
In the limit of weak pumping (µ 1), we have
Vent ≈ 1− 2µ, (44)
regardless of the detection efficiency η. Those results
agree with the previous analyses in [2, 12, 14]. 1.
1 Note that the pump parameter p in [14] corresponds to our λ2,
i.e p = µ/(1 + µ).
C. Concatenated entanglement swapping
The last application in this section is the concatenated
entanglement swapping (CES) where we show how to ap-
ply our method to the QIP protocols with a multiple use
of entangled source and demonstrate a drastic improve-
ment of the computation time compared to the previous
approach. Entanglement transmission over long distance
is limited by the loss and noises in channel and detec-
tors. Quantum repeater can overcome this limit but it
is still challenging to implement it in large scale with
the current technology. Concatenation of entanglement
swapping (also called quantum relay) is known as an-
other protocol to extend the distance of the entanglement
distribution albeit with a resource overhead that is ex-
ponential in the distance (which is usually observed as
an exponential decrease of the success probability) [34].
However, since entanglement swapping has been demon-
strated with the current technology (see [33] and refer-
ences therein), it is still interesting to see the practical
performance of the CES protocol in theory.
The protocol considered here is similar to the CES
model discussed in detail in [15] where the state vec-
tor evolution of the two-mode squeezed state generated
from SPDCs are calculated and the authors showed ex-
plicit expression of the density matrix and the detection
probabilities those are used to derive the visibility of the
EPR interference of the distributed entanglement numer-
ically. Figure 7(a) illustrates the schematic of the proto-
col. Entangled photon-pairs generated from the entan-
gled photon-pair sources (EPSs) are swapped by the Bell
measurement consisting of a 50/50 beam splitter, two
PBSs and four on-off type photon detectors (Fig. 7(b)).
Entanglement swapping succeeds when photons are de-
tected by particular two detectors in the Bell measure-
ment for example at q and s in Fig. 7(b). For more details
of the protocol see [15] and the references therein.
Figure 7(c) is our model which is equivalent to Fig. 7(a)
but the orthogonal polarization modes are explicitly il-
lustrated by different lines. For our EPS, we assume to
use the Sagnac loop SPDC entangled source discussed
in the previous subsection while the method can be ap-
plied to any other sources even not necessarily entangled
in polarization modes (such as time-bin entanglements).
For the system imperfections, we follow the assumptions
used in [15], i.e. losses in channels and detectors and the
dark counts at detectors exist whereas the mode match-
ing at beam splitters and the PBS devices are assumed to
be perfect. The polarization modes are labeled by num-
bers from the left to the right (see Fig. 7(c)). Also in the
figure, for simplicity, only two detectors are illustrated
for each Bell measurement where the simultaneous clicks
at these detectors correspond to the successful CES. At
the left and right ends, two polarizers (see Fig. 5) are
placed to measure the EPR interference visibility of the
swapped state.
We now calculate the joint detection probability of all
detectors illustrated in Fig. 7(c) as a function of two po-
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FIG. 7: (a) Schematic of the concatenated entanglement swapping and (b) the Bell measurement for polarized entangled
photons. (c) Corresponding linear optics model (see the text for details). EPS: entangled photon source. BM: Bell measurement.
BS: beam splitter. PBS: polarizing beam splitter. mBM: number of the Bell measurements used in the CES protocol.
larizer angles θA and θB . Let mBM be the number of Bell
measurements (the number of concatenation), i.e. there
are mBM +1 Sagnac loop sources (EPSs). The covariance
matrix for the quantum state generated from the most
left Sagnac loop SPDC is γSL1234 as discussed in Eq. (37).
The total quantum state generated from mBM +1 Sagnac
loops is thus simply given by γSL⊕(mBM+1), more pre-
cisely,  γ
SL
± (µ) 0 · · ·
0 γSL± (µ)
...
. . .

⊕2
, (45)
where γSL ≡ (γSL± (µ))⊕2 and thus γSL± (µ) correspond to
the two quadrature components of γSL. Following the
discussion in [10, 15], all transmission loss is included in
the detector efficiency. We also assume that all trans-
mission channels have the same loss and all detectors are
identical. Therefore, we first apply the beam splitting
operations at the Bell measurements. The beam split-
ters combine modes 4x − 1 and 4x + 1 for horizontal
polarizations and modes 4x and 4x + 2 for vertical po-
larizations where x = 1, . . . ,mBM. Thus the symplectic
matrix applied to γSL⊕(mBM+1) is
SBM =
mBM∏
x=1
S
1/2
4x−1,4x+1S
1/2
4x,4x+2. (46)
The two polarizer operations at the end of the concate-
nation are also given by applying the beam splitter sym-
plectic matrix
SAB = S
θA
1,2S
θB
4mBM+3,4mBM+4
. (47)
Let η be the detector efficiency (including the channel
transmittance). This is included by applying
Lηtot = Lη4mBM+4 · · · Lη1 , (48)
to the covariance matrix of the state. In total, we have
the covariance matrix
γCESmBM = Lηtot
(
STABS
T
BMγ
SL⊕(mBM+1)SBMSAB
)
. (49)
The joint detection probability of all detectors illus-
trated in Fig. 7(c) is now obtained by calculating
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PCESθAθB = Tr
[
ρˆγ
CES
mBM
(
Iˆ − (1− ν)|0〉〈0|
)
1
(
Iˆ − (1− ν)|0〉〈0|
)
4mBM+3
mBM∏
x=1
(
Iˆ − (1− ν)|0〉〈0|
)
4x−1
(
Iˆ − (1− ν)|0〉〈0|
)
4x+2
]
= 1 +
M∑
m=1
MCm∑
C(M,m)
{−2(1− ν)}m√
det(γCESC(M,m) + I)
, (50)
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FIG. 8: The EPR interference visibility of the entangled
state distributed by the concatenated entanglement swapping
as a function of the squeezing parameter µ with η = 0.04
and ν = 10−5 (see the main text). The number of the Bell
measurements (concatenation) is mBM =1, 2, 3, 4, and 5 for
red, orange, brown, green, and blue lines.
where ν is the dark count rate of detectors, M is the
total number of clicked detectors, i.e. M = 2mBM + 2,
and γCESC(M,m) is the submatrix of γ
CES taking only modes
C(M,m). C(M,m) is the m-detector combination from
M detectors. For example, when mBM = 1, total num-
ber of detectors is M = 4 and the detectors are placed
in modes 1, 3, 6, and 7. Then C(4, 1) =1, 3, 6, 7,
C(4, 2) =13, 16, 17, 36, 37, 67, C(4, 3) =136, 137, 167,
367, and C(4, 4) =1367. For reference, we describe a
detailed structure of γCESmBM in Appendix.
In Fig. 8, the EPR interference visibilities are plotted
as a function of µ for mBM = 1, . . . , 5. For compari-
son, we choose the parameters used in [15], η = 0.04 and
ν = 10−5 for the transmittance and dark counts, respec-
tively. In [15], the CES with mBM = 3 is numerically
simulated by a super computer with the photon num-
ber truncation at 3 photons in each mode (the authors
also reported that it takes 6 hours to get a single plot
for the same simulation by a single-core use of a com-
mercially available computer). In Fig. 8, the curve for
mBM = 3 (brown line) consists of 400 plots that are cal-
culated by a commercial computer with only 10 seconds
mBM=1
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FIG. 9: The EPR interference visibility for the same
transmission distance with different number of concatenation.
Transmittance of the whole channel is 10−20 which corre-
sponds to 1000km distance by a standard fiber with loss of
0.2dB/km. Efficiency and dark counts of the detectors are
ηD = 0.7 and ν = 10
−5, respectively. The number of the Bell
measurements (concatenation) is mBM =1, 2, 3, 4, and 5 for
red, orange, brown, green, and blue lines.
without any photon number truncation2. Similarly, 100
plots for mBM = 5 (blue line) require around 2 minutes
with the same computer (it should be noted that our
method works only for on-off detectors while the mathe-
matical formula in [15] includes both for on-off and pho-
ton number resolving detectors).
Our method is useful to estimate the performance of
the CES for the long-distance entanglement transmis-
sion. In our model the total transmittance consists of
the detector efficiency and the channel transmission as
η = ηD × 10−αL/10 where ηD is the detector efficiency, α
is the loss coefficient, and L is the distance of the trans-
mission channel. In the following, we consider the photon
pairs at 1550 nm and use of a standard optical fiber with
α = 0.2 as a transmission channel. Figure 9 compares
the visibility for different mBM where the total distance
of the channel is fixed to be 1000 km. The detector effi-
ciency and dark counts are assumed to be ηD = 0.7 and
2 Precisely, we use the Mathematica 9.0 program running at 2.9
GHz on an Intel Core i7-3520M dual-core processor with 8 GB
of memory.
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ν = 10−5, respectively, could be typical parameters for
SNSPDs discussed in previous subsections. For example,
for mBM = 1, the channel is divided into four arms and
each arm has 250 km distance. In Fig. 9, the visibility is
plotted for the CES up to mBM = 5. First it shows that
for mBM = 1, it is completely impossible to distribute
entanglement and even for mBM = 2, the visibility must
be around 0.2. Second, for extremely small µ, the fig-
ure shows that mBM should be large as much as possible
while for the most region of µ, the curve for mBM = 5
decreases quickly as µ increases and mBM =3 or 4 are
optimal for most of µ. The result suggests that to con-
struct a practical CES network, the optimal number of
concatenation should be carefully chosen by considering
a given distance (channel loss) and detector parameters.
Finally, it should be worth to mention about a general
scaling of the computational complexity of our method
with respect to the number of modes N (or equivalently
number of detectors to be detected). Our method is not
efficient in the sense that the computational complex-
ity grows exponential with respect to N . This is clearly
observed in Eq. (50). There are two steps to compute
Eq. (50). First, one has to calculate the covariance ma-
trix including losses and beam splitters (in general any
linear optics and even squeezing operations). This step
consists of multiplications of square matrices and each of
that is polynomial (at worst order of O(N3) by direct cal-
culation). Second, the determinants of the (sub)matrices
in each term of Eq. (50) should be calculated. While de-
terminants can be calculated for example with O(N3) by
the LU decomposition [35], the number of terms in the
second line of Eq. (50) is increase as 2N since the first line
of Eq. (50) includes N multiplication of binomial terms
(Iˆ− (1−ν)|0〉〈0|). This results the method inefficient (at
least O(2N ) for simulating large scale networks. Note
that this is not only for the CES protocols but a gen-
eral property for any linear optics networks with SPDCs
and photon detectors. However, we should stress that,
as shown in this subsection, for experimentally feasible
size of the network with the current technology or even
larger sizes, our method can work as a powerful tool to
estimate the performance of the protocols with a practi-
cal computational time.
IV. CONCLUSION
In summary, we have proposed a method to compute
the SPDC based QIP experiments theoretically, which
fully involves the multi-photon emissions and various
experimental imperfections. The key ingredient of our
method is an application of the characteristic function
formalism which has been widely used in CV-QIPs, in
particular, for Gaussian states and operations. We apply
our methods to three examples, the HOM interference
and the EPR interference experiments, and the concate-
nated entanglement swapping protocol. The first two ex-
amples are compared with the previously reported exper-
imental results and show quantitative agreements. More-
over, we provide the analytical expression for the HOM
and EPR visibilities that include full multi-photon com-
ponents and various experimental imperfections. These
could be useful for estimating the performance of vari-
ous experimental setups. In the third example, we nu-
merically simulate the performance of the CES protocol
up to five Bell measurements (concatenations) which re-
quires only few minutes with a commercially available
computer. Our method could be useful to estimate the
practical performance of the SPDC based protocol with
experimentally feasible or even larger size linear optics
networks. Interesting future applications would include
multi-partite entanglement generation [1], QKD [36] and
quantum repeaters with SPDC sources such as heralded
entanglements [37, 38].
Finally, a general computational complexity of our
method with respect to the size of the system (mode num-
bers) is discussed. We show that the complexity is grow-
ing as O(2N ) and thus inefficient for simulating very large
scale systems beyond the current or near-future technolo-
gies. In general, linear optics network with perfect single
photons and photon number resolving detectors, it is im-
possible to efficiently simulate the large system classically
which is why the linear optics with feedback can con-
struct a universal quantum computer [27] (related to this,
it is believed that other related computing ideas such as
Boson Sampling [39] cannot be efficiently simulated by
classical computers). Although we feel this would also
be the case for linear optics system with SPDCs and on-
off detectors, it remains as an important open question
whether there exists an efficient algorithm to simulate
such a system. We stress that, however, our method
is at least applicable to simulate the proof-of-principle
demonstration of these protocols [40–44] and also esti-
mating even larger system that could be a real target in
near-future experiments.
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Appendix: The covariance matrix in the CES
protocol
The explicit structure of γCES(mBM) in Eq. (49) is
γCESmBM =

A2 ±BT 0 0 0 0
±B A4 ±CT 0 0 0
0 ±C A4 ±CT 0 0
0 0 ±C . . . ±CT 0
0 0 0 ±C A4 ±DT
0 0 0 0 ±D A2

⊕2
,
(A.1)
where
A2 = (2ηµ+ 1)I2, (A.2)
A4 =
[
A2 0
0 A2
]
, (A.3)
B = η
√
2µ(µ+ 1)
 sin θA cos θAcos θA − sin θA− sin θA − cos θA
− cos θA sin θA
 , (A.4)
C = η
√
µ(µ+ 1)
[
J2 J2
−J2 −J2
]
, (A.5)
D = η
√
2µ(µ+ 1)
[
sin θB cos θB sin θB cos θB
cos θB − sin θB cos θB − sin θB
]
,
(A.6)
and
I2 =
[
1 0
0 1
]
, J2 =
[
0 1
1 0
]
. (A.7)
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